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“Warp drive” spacetimes and wormhole geometries are useful as “gedanken-experiments” that 
force us to confront the foundations of general relativity, and among other issues, to precisely 
formulate the notion of “superluminal” travel and communication. Here we will consider the basic 
definition and properties of warp drive spacetimes. In particular, we will discuss the violation of 
the energy conditions associated with these spacetimes, as well as some other interesting properties 
such as the appearance of horizons for the superluminal case, and the possibility of using a warp 
drive to create closed timelike curves. Furthermore, due to the horizon problem, an observer in a 
spaceship cannot create nor control on demand a warp bubble. To contour this difficulty, we discuss 
a metric introduced by Krasnikov, which also possesses the interesting property in that the time for 
a round trip, as measured by clocks at the starting point, can be made arbitrarily short. 
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I. INTRODUCTION 


Recently much interest has been revived in superluminal travel, due to the research in wormhole geometries [1, 2] 
and superluminal warp drive spacetimes [3]. However, despite the use of the term superluminal, it is not possible to 
locally achieve faster than light travel. In fact, the point to note is that one can make a round trip, between two 
points separated by a distance D, in an arbitrarily short time as measured by an observer that remained at rest at 
the starting point, by varying one’s speed or by changing the distance one is to cover. It is a highly nontrivial issue to 
provide a general global definition of superluminal travel [4, 5], but it has been shown that the spacetimes that permit 
“effective” superluminal travel generically suffer from the several severe drawbacks. In particular, superluminal effects 
are associated with the presence of erotic matter, that is, matter that violates the null energy condition (NEC). 


In fact, it has been shown that superluminal spacetimes violate all the known energy conditions and, in particular, it 
was shown that negative energy densities and superluminal travel are intimately related [6]. Although it is thought 
that most classical forms of matter obey the energy conditions, they are violated by certain quantum fields [7]. 
Additionally, specific classical systems (such as non-minimally coupled scalar fields) have been found that violate the 
null and the weak energy conditions [8, 9]. It is also interesting to note that recent observations in cosmology, such as 
the late-time cosmic speed-up [10], strongly suggest that the cosmological fluid violates the strong energy condition 
(SEC), and provides tantalizing hints that the NEC is violated in a classical regime [10-12]. 


In addition to womrhole geometries [1, 2], other spacetimes that allow superluminal travel are the Alcubierre warp 
drive [3] and the Krasnikov tube [13, 14], which will be presented in detail below. Indeed, it was shown theoretically 
shown that the Alcubierre warp drive entails the possibility to attain arbitrarily large velocities [3], within the 
framework of general relativity. As will be demonstrated below, a warp bubble is driven by a local expansion of space 
behind the bubble, and an opposite contraction ahead of it. However, by introducing a slightly more complicated 


metric, Natario [15] dispensed with the need for expansion of the volume elements. In the Natdrio warp drive the 
expansion (contraction) of the distances along the direction of motion is compensated by a contraction (expansion) 
of area elements in the perpendicular direction, so that the volume elements are preserved. Thus, the essential 
property of the warp drive is revealed to be the change in distances along the direction of motion, and not the 
expansion/contraction of space. Thus, the Natdrio version of the warp drive can be thought of as a bubble sliding 
through space. 


However, an interesting aspect of the Alcubierre warp drive is that an observer on a spaceship, within the warp bubble, 
cannot create nor control on demand a superluminal Alcubierre bubble surrounding the ship [13]. This is due to the 
fact points on the outside front edge of the bubble are always spacelike separated from the centre of the bubble. Note 
that, In principle, causality considerations do not prevent the crew of a spaceship from altering the metric along the 
path of their outbound trip, by their own actions, in order to complete a round trip from the Earth to a distant star 
and back in an arbitrarily short time, as measured by clocks on the Earth. To this effect, an interesting solution 
was introduced by Krasnikov, that consists of a two-dimensional metric with the property that although the time 
for a one-way trip to a distant destination cannot be shortened, the time for a round trip, as measured by clocks 
at the starting point (e.g. Earth), can be made arbitrarily short. Soon after, Everett and Roman generalized the 
Krasnikov two-dimensional analysis to four dimensions, denoting the solution as the Krasnikov tube [14]. Interesting 
features were analyzed, such as the effective superluminal nature of the solution, the energy condition violations, 
the appearance of closed timelike curves and the application of the Quantum Inequality (QI) deduced by Ford and 
Roman [16]. 


Using the QI in the context of warp drive spacetimes, it was soon verified that enormous amounts of energy are 
needed to sustain superluminal warp drive spacetimes [17, 18]. However, one should note the fact that the quantum 
inequalities might not necessarily be fundamental, and anyway they are violated in the Casimir effect. To reduce 
the enormous amounts of exotic matter needed in the superluminal warp drive, van den Broeck proposed a slight 
modification of the Alcubierre metric that considerably improves the conditions of the solution [19]. It was also shown 
that using the QI enormous quantities of negative energy densities are needed to support the superluminal Krasnikov 
tube [14]. This problem was surpassed by Gravel and Plante [20, 21], who in similar manner to the van den Broeck 
analysis, showed that it is theoretically possible to lower significantly the mass of the Krasnikov tube. 


However, applying the linearized approach to the warp drive spacetime [22], where no a priori assumptions as to the 
ultimate source of the energy condition violations are required, the QI are not used nor needed. This means that 
the linearized restrictions derived on warp drive spacetimes are more generic than those derived using the quantum 
inequalities, where the restrictions derived in [22] hold regardless of whether the warp drive is assumed to be classical 
or quantum in its operation. It was not meant to suggest that such a reaction-less drive is achievable with current 
technology, as indeed extremely stringent conditions on the warp bubble were obtained, in the weak-field limit. These 
conditions are so stringent that it appears unlikely that the warp drive will ever prove technologically useful. 


This chapter is organized in the following manner: In section II, we present the basics of the warp drive spacetime, 
showing the explicit violations of the energy conditions, and a brief application of the QI. In section III, using 
linearized theory, we show that significant constraints in the weak-field regime arise, so that the analysis implies 
additional difficulties for developing a “strong field” warp drive. In section IV, we consider further interesting aspects 
of the warp drive spacetime, such as the “horizon problem”, in which an observer on a spaceship cannot create nor 
control on demand a superluminal Alcubierre bubble. In section V, we consider the the physical properties of the 
Krasnikov tube, that consists of a metric in which the time for a round trip, as measured by clocks at the starting point, 
can be made arbitrarily short. In section VI, we consider the possibility of closed timelike curves in the superluminal 
warp drive and the Krasnikov tube, and in section VII, we conclude. 


II. WARP DRIVE SPACETIME 


Alcubierre proved that it is, in principle, possible to warp spacetime in a small bubble-like region, within the framework 
of general relativity, in a manner that the bubble may attain arbitrarily large velocities. The enormous speed of 
separation arises from the expansion of spacetime itself, analogously to the inflationary phase of the early universe. 
More specifically, the hyper-fast travel is induced by creating a local distortion of spacetime, producing a contraction 
ahead of the bubble, and an opposite expansion behind ahead it. 
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FIG. 1. The plot depicts the expansion of the volume elements of an Alcubierre warp bubble moving along the positive z-axis, 
with an arbitrary velocity v(t). Note that the volume elements are expanding behind the spaceship, and contracting in front 
of it. See the text for more datils. 


A. Alcubierre warp drive 


In cartesian coordinates, the Alcubierre warp drive spacetime metric is given by (with G = c = 1) 
ds? = —dt? + dx? + dy? + [dz — v(t) f(x,y, z — 20(t)) dt]? , (1) 


where v(t) = dzo(t)/dt is the velocity of the warp bubble, moving along the positive z-axis. The form function 
f(x,y,z) possesses the general features of having the value f = 0 in the exterior and f = 1 in the interior of the 
bubble. The general class of form functions, f(x,y,z), chosen by Alcubierre was spherically symmetric: f(r) with 


r= x£? +y? +2?. Then f(x,y, z— zo(t)) = f(r(t)) with r(t) = {[(z — zo(t)]? + z? + yy? 


We consider the specific case given by 


£ tanh [o(r + R)] — tanh [o (r — R)] 


fC) 2 tanh(o R) f 


(2) 


where R > 0 and o > 0 are two arbitrary parameters. R is the radius of the warp-bubble, and o can be interpreted 
as being inversely proportional to the bubble wall thickness. If ø is sufficiently large, the form function rapidly 
approaches a top hat function, i.e., f(r) = 1 if r € [0, R], and f(r) = 0 if r € (R,o0), for o > œ. 


It can be shown that observers with the four velocity 
U” = (1,0,0, vf), (3) 


and U,, = (—1,0,0,0) move along geodesics, as their 4-acceleration is zero, i.e., a” = U” U",,, = 0. These observers 
are usually called “Eulerian observers” in the 3+1 formalism, as they move along the normal directions to the spatial 
slices [3]. The spaceship, which in the original formulation is treated as a test particle which moves along the curve 
z = zo(t), can easily be seen to always move along a timelike curve, regardless of the value of v(t). One can also verify 
that the proper time along this curve equals the coordinate time, by simply substituting z = zo(t) in Eq. (1). This 
reduces to dr = dt, taking into account dx = dy = 0 and f(0) = 1. 


Consider a spaceship placed within the Alcubierre warp bubble. The expansion of the volume elements, 0 = U",,,, is 
given by 0 = v (Of/0z). Taking into account Eq. (2), we have 
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The center of the perturbation corresponds to the spaceship’s position zọ(t). The volume elements are expanding 
behind the spaceship, and contracting in front of it, as shown in Figure 1. 


B. Superluminal travel in the warp drive 


To demonstrate that it is possible to travel to a distant point and back in an arbitrary short time interval, consider 
two distant stars, A and B, separated by a distance D in flat spacetime. Suppose that, at the instant to, a spaceship 
moves away from A, using its engines, with a velocity v < 1, and finally comes to rest at a distance d from A. We 
shall, for simplicity, assume that R« d K D. Now, at this instant the perturbation of spacetime appears, centered 
around the spaceship’s position, and pushing it away from A, and rapidly attains a constant acceleration, a. Consider 
that now at half-way between A and B, the perturbation is modified, so that the acceleration rapidly varies from a 
to —a. The spaceship finally comes to rest at a distance, d, from B, at which point the perturbation disappears. The 
spaceship then moves to B at a constant velocity in flat spacetime. The return trip to A is analogous. 


Consider that the variations of the acceleration are extremely rapid, so that the total coordinate time, T, in a one-way 


trip will be 
D — 2d 
T=2 É + ) (5) 


v a 


The proper time of an observer, in the exterior of the warp bubble, is equal to the coordinate time, as both are 
immersed in flat spacetime. The proper time measured by observers within the spaceship is given by: 


r= pee) (6) 
yv a 


with y = (1 — v?) 712. The time dilation only appears in the absence of the perturbation, in which the spaceship is 
moving with a velocity v, using only it’s engines in flat spacetime. 


Using R«d<« D, we can then obtain the following approximation T ~ T ~ 2,/D/a, which can be made arbitrarily 
short, by increasing the value of a. This implies that the spaceship may travel faster than the speed of light, however, 
it moves along a spacetime temporal trajectory, contained within it’s light cone, as light suffers the same distortion 
of spacetime [3]. 


C. The violation of the energy conditions 


1. The violation of the WEC 


As mentioned in the previous chapters, the weak energy condition (WEC) states T, U” U” > 0, in which U” is a 
timelike vector and T,» is the stress-energy tensor. As mentioned Chapters 9 and 10, its physical interpretation is 
that the local energy density is positive, and by continuity it implies the NEC. Now, one verifies that the WEC is 
violated for the warp drive metric, i.e., 


v2 for. faery 
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and by taking into account the Alcubierre form function (2), we have 
1 v2(x? +y?) (df \* 
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By considering an orthonormal basis, we verify that the energy density of the warp drive spacetime is given by 
Tg = Tao U"U", which is precisely given by Eq. (8). It is easy to verify that the energy density is distributed in a 
toroidal region around the z-axis, in the direction of travel of the warp bubble [18], as may be verified from Figure 2. 
It is perhaps instructive to point out that the energy density for this class of spacetimes is nowhere positive!. 


1 Tt is also interesting to note that the inclusion of a generic lapse function a(x, y, z, t), in the metric, decreases the negative energy density, 
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FIG. 2. The energy density is distributed in a toroidal region perpendicular to the direction of travel of the spaceship, which is 
situated at zo(t). We have considered the following values, v = 2 and R = 6, with ø = 1 and ø = 4 in (a) and (b), respectively. 
See the text for more details. 


In analogy with the definitions in [25, 26], one may quantify the “total amount” of energy condition violating matter 
in the warp bubble, by defining the “volume integral quantifier”? 


v? df \? 
Mwarp = Jes da = Ja U! U” dgr = -Iz (2) r? dr. (10) 


This is not the total mass of the spacetime, but it characterizes how much (negative) energy one needs to localize in 
the walls of the warp bubble. For the specific shape function (2) we can estimate 
M warp x —v" R? oO, (11) 


so that one can readily verify that the energy requirements for the warp bubble scale quadratically with bubble 
velocity and with bubble size, and inversely as the thickness of the bubble wall [22]. 


2. The violation of the NEC 


As before mentioned in the previous chapters, the NEC states that Tuv k” k” > 0, where k” is any arbitrary null 
vector and T),, is the stress-energy tensor. The NEC for a null vector oriented along the +2 directions takes the 
following form 


PN OEY POP | POF OT 
Tuv k” k” = -— || = — + — —). 12 
c 87 (2) : (3) 87 (z j =) (12) 
Note that if we average over the +2 directions we have the following relation 
1 v2? | (Of\*? (afr? 
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which is manifestly negative, and implies that the NEC is violated for all v. Furthermore, note that even if we do not 
average, the coefficient of the term linear in v must be nonzero somewhere in the spacetime. Then at low velocities 
this term will dominate and at low velocities the un-averaged NEC will be violated in either the +2 or —2 directions. 


which is now given by 


nema ((B) + BY] ° 


One may impose that œa may be taken as unity in the exterior and interior of the warp bubble, so that proper time equals coordinate 
time. In order to significantly decrease the negative energy density in the bubble walls, one may impose an extremely large value for 
the lapse function. However, the inclusion of the lapse function suffers from an extremely severe drawback, as proper time as measured 
in the bubble walls becomes absurdly large, dr = a dt, for a > 1. 

2 We refer the reader to [25, 26] for details. 


D. The Quantum Inequality applied to the warp drive 


It is of interest to apply the QI to the warp drive spacetimes [18], and rather than deduce the QI in this section, we 
refer the reader to the Chapter on the Quantum Energy Inequalities. By inserting the energy density, Eq. (8), into 
the QI, one arrives at the following inequality 


+ v(t)? (df \? dt 3 
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) / is defined for notational convenience. 


where the quantity p = (x? +y? 
One may consider that the warp bubble’s velocity is roughly constant, i.e., vs(t) ~ v, by assuming that the time scale 
of the sampling is sufficiently small compared to the time scale over which the bubble’s velocity is varying. Now, taking 
into account the small sampling time, the (¢? +¢2)~1 term becomes strongly peaked, so that only a small portion of the 
geodesic is sampled by the QI integral. Consider also that the observer is situated at the equator of the warp bubble at 


t = 0 [18], so that the geodesic is approximated by x(t) © f(p)vet, and consequently r(t) = [(vst)?(f(e) — 1)? + P] +72, 


For simplicity, without a significant loss of generality, and instead of taking into account the Alcubierre form function 
(2), one may consider a piece-wise continuous form of the shape function given by 


1 r<R-4 
fp.c.(r) = a(r-R-4) R-$<r<R+4, (15) 
0 r>R+4 


where R is the radius of the bubble, and A the bubble wall thickness [18]. Note that A is related to the Alcubierre 
parameter o by setting the slopes of the functions f(r) and fp.c.(r) to be equal at r = R, which provides the following 


relationship A = [1 + tanh*(cR)| . /[2 o tanh(oR)}. 
Note that in the limit of large oR one obtains the approximation A ~ 2/c, so that the QI-bound simplifies to 


i dt 34? 
f mme A = eR’ (16) 
-o0 (t? +p) +t) ~ vp tol 


where 8 = p/ [v (1 — f(p))]. Now, evaluating the integral in the left-hand-side yields the following inequality 


T A upto 
F sa (Ma - fo) +1] . (17) 


It is perhaps important to note that the above inequality is only valid for sampling times on which the spacetime 
may be considered approximately flat. Considering the Riemann tensor components in an orthonormal frame [18], 
the largest component is given by 


She? [ato (1s) 


gigl = 4p? “Ay 


R; 
| t dp 


which yields rmin = 1/,/|Régzg| ~ 24/ (v3 vp), considering y = p and the piece-wise continuous form of the shape 


function. The sampling time must be smaller than this length scale, so that one may define to = 2a A/ (v3 vo). 
Assuming A/p ~ v to/p < 1, the term involving 1 — f (p) in Eq. (17) may be neglected, which provides 


A<-4/-—. (19) 


Taking a specific value for a, for instance, considering wa = 1/10, one obtains 
A < 10° vp, LPlanck, (20) 


where Lpjanck is the Planck length. Thus, unless v is extremely large, the wall thickness cannot be much above the 
Planck scale. 


It is also interesting to find an estimate of the total amount of negative energy that is necessary to maintain a warp 
metric. It was found that the energy required for a warp bubble is on the order of 


E<-3x 107° M galaxy Ub; ay) 


which is an absurdly enormous amount of negative energy’, roughly ten orders of magnitude greater than the total 
mass of the entire visible universe [18]. 


II. LINEARIZED WARP DRIVE 


In this section, we show that there are significant problems that arise even in the warp drive spacetime, even in 
weak-field regime, and long before strong field effects come into play. Indeed, to ever bring a warp drive into a 
strong-field regime, any highly-advanced civilization would first have to take it through the weak-field regime [22]. 
We now construct a more realistic model of a warp drive spacetime where the warp bubble interacts with a finite 
mass spaceship. To this effect, consider the linearized theory applied to warp drive spacetimes, for non-relativistic 
velocities, v < 1. 


Consider now a spaceship in the interior of an Alcubierre warp bubble, which is moving along the positive z axis with 
a non-relativistic constant velocity [22], i.e., v « 1. The metric is given by 


ds? = —dt? + dz? + dy? + [dz — v f(x,y,z — vt) dt]? 
—28(x, y, z — vt) [dé? + dz? + dy? + (dz — v f(x,y,z — vt) dt)’] , (22) 
where ® is the gravitational field of the spaceship. If 6 = 0, the metric (22) reduces to the warp drive spacetime of 


Eq. (1). If v = 0, we have the metric representing the gravitational field of a static source. 


We consider now the approximation by linearizing in the gravitational field of the spaceship ®, but keeping the exact 
v dependence . For this case, the WEC is given by 


ae vw |/af\? (afr? 
Tf = p- — | 2L OJ p2 9 
eur = p DF (32) +(#) + O(8*), (23) 
and assuming the Alcubierre form function, we have 
1 v2(a2 + y?) (df\? 
ME gy 8 E A 2 
Ty UU” = p 327 2 (2) + O(®*). (24) 


Using the “volume integral quantifier”, as before, we find the following estimate 
J Tuy UYU” Pa = Manip — V? R? o + J O(®?) dr, (25) 


which can be recast in the following form 
Manm = Mship + Mwarp + J O(®?) dx. (26) 


Now, demanding that the volume integral of the WEC be positive, then we have 
v? R? o< Msnip 5 (27) 


3 Due to these results, one may tentatively conclude that the existence of these spacetimes is improbable. But, there are a series of 
considerations that can be applied to the QI. First, the QI is only of interest if one is relying on quantum field theory to provide the 
exotic matter to support Alcubierre warp bubble. However, there are classical systems (non-minimally coupled scalar fields) that violate 
the null and the weak energy conditions, whilst presenting plausible results when applying the QI (See Chapter 10). Secondly, even if 
one relies on quantum field theory to provide exotic matter, the QI does not rule out the existence of warp drive spacetimes, although 
they do place serious constraints on the geometry. 


which reflects the quite reasonable condition that the net total energy stored in the warp field be less than the total 
mass-energy of the spaceship itself. Note that this inequality places a powerful constraint on the velocity of the warp 
bubble. Rewriting this constraint in terms of the size of the spaceship Rsnjp and the thickness of the warp bubble 
walls A = 1/o, we arrive at the following condition 


Msnip Rship A 


v< ke RE (28) 
For any reasonable spaceship this gives extremely low bounds on the warp bubble velocity. 
One may analyse the NEC in a similar manner. Thus, the quantity Tuy k”“k” is given by 
Considering the “volume integral quantifier”, we may estimate that 
I T v k”k” da = Mepip — 0? R? o + J O(S’) dz, (30) 


which is [to order O(®7)] the same integral we encountered when dealing with the WEC. In order to avoid that the 
total NEC violations in the warp field exceed the mass of the spaceship itself, we again demand that 


v? R? o < Manip; (31) 


which places an extremely stringent condition on the linearized warp drive spacetime. More specifically, it reflects 
that that for all conceivably interesting situations the bubble velocity should be absurdly low, and it therefore appears 
unlikely that, by using this analysis, the warp drive will ever prove to be technologically useful. 


Finally, we emphasize that any attempt at building up a “strong-field” warp drive starting from an approximately 
Minkowski spacetime will inevitably have to pass through a weak-field regime. Taking into account the analysis 
presented above, we verify that the weak-field warp drives are already so tightly constrained, which implies additional 


difficulties for developing a “strong field” warp drive 4. 


IV. THE HORIZON PROBLEM 


Shortly after the discovery of the Alcubierre warp drive solution [3], an interesting feature of the spacetime was found. 
Namely, an observer on a spaceship cannot create nor control on demand an Alcubierre bubble, with v > c, around 
the ship. [13]. It is easy to understand this, by noting that an observer at the origin (with t = 0), cannot alter events 
outside of his future light cone, |r| < t, with r = (a? + y? + z?)!/?. In fact, applied to the warp drive, it is a trivial 
matter to show that points on the outside front edge of the bubble are always spacelike separated from the centre of 
the bubble. 


The analysis is simplified in the proper reference frame of an observer at the centre of the bubble, so that using the 
transformation z’ = z — zo(t), the metric is given by 


ds? = —dt? + da? + dy? + [dz’ + (1— f)vdt]” . (32) 


Now, consider a photon emitted along the +Oz axis (with ds? = dr = dy = 0), so that the above metric provides 
dz'/dt = 1—(1—f)v. If the spaceship is at rest at the center of the bubble, then initially the photon has dz/dt = v+1 
or dz'/dt = 1 (recall that f = 1 in the interior of the bubble). However, at a specific point z’ = z}, with f = 1 — 1/v, 
we have dz’/dt = 0 [14]. Once photons reach z}, they remain at rest relative to the bubble and are simply carried along 
with it. This implies that photons emitted in the forward direction by the spaceship never reach the outside edge of 


4 See Ref. [22] for more details 
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the bubble wall, which therefore lies outside the forward light cone of the spaceship. This behaviour is reminiscent 
of an event horizon. Thus, the bubble thus cannot be created, or controlled, by any action of the spaceship crew, 
which does not mean that Alcubierre bubbles, if it were possible to create them, could not be used as a means of 
superluminal travel. It only implies that the actions required to change the metric and create the bubble must be 
taken beforehand by some observer whose forward light cone contains the entire trajectory of the bubble. 


The appearance of an event horizon becomes evident in the 2-dimensional model of the Alcubierre space-time [27-29]. 
Consider that the axis of symmetry coincides with the line element of the spaceship, so that the metric (1), reduces 
to 


ds? = —(1— v? f?) dé? — 2v fdzdt + d2? . (33) 


For simplicity, we consider a constant bubble velocity, v(t) = vp, and r = [(z — vpt)?]'/?.. Note that the metric 
components of Eq. (33) only depend on r, which may be adopted as a coordinate, so if z > vt, we consider the 
transformation r = (z — vt). Using this transformation, dz = dr + v dt, the metric (33) takes the following form 


ds? = —A(r) | dt — — dr| + a (34) 


where A(r), denoted by the Hiscock function, is defined by A(r) = 1 — v? [1 — f(r). 


Now, it is possible to represent the metric (34) in a diagonal form, using a new time coordinate 


vp [1 — f(r) 


dr = dt — 7G) 


dr, (35) 


so that the metric (34) reduces to a manifestly static form, given by 


dr? 
A(r) ` 


ds? = —A(r) dr? + (36) 


The 7 coordinate has an immediate interpretation in terms of an observer on board of a spaceship, namely, T is the 
proper time of the observer, taking into account that A(r) — 1 in the limit r > 0. We verify that the coordinate 
system is valid for any value of r, if vẹ < 1. If vy > 1, we have a coordinate singularity and an event horizon at the 
point ro in which f(ro) = 1 — 1/v and A(ro) = 0. 


V. SUPERLUMINAL SUBWAY: THE KRASNIKOV TUBE 


It was pointed out above, that an interesting aspect of the warp drive resides in the fact that points on the outside 
front edge of a superluminal bubble are always spacelike separated from the centre of the bubble. This implies that an 
observer in a spaceship cannot create nor control on demand an Alcubierre bubble. However, causality considerations 
do not prevent the crew of a spaceship from arranging, by their own actions, to complete a round trip from the 
Earth to a distant star and back in an arbitrarily short time, as measured by clocks on the Earth, by altering the 
metric along the path of their outbound trip. Thus, Krasnikov introduced a metric with an interesting property that 
although the time for a one-way trip to a distant destination cannot be shortened [13], the time for a round trip, as 
measured by clocks at the starting point (e.g. Earth), can be made arbitrarily short, as will be demonstrated below. 


A. The 2-dimensional Krasnikov solution 


The 2-dimensional Krasnikov metric is given by 


ds? = —(dt — dx)(dt + k(t, x)dx) 
= —dt? + [1 — k(x, t)] da dt + k(a,t) dx’, (37) 
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where the form function k(x, t) is defined by 
k(t, x) = 1 — (2—6)6-(t — x) [0-(x) — be(x +e — D)], (38) 
and 6 and € are arbitrarily small positive parameters. 0e denotes a smooth monotone function 


_ fi, if€>e, 
at) ={ 9) if <0. 


One may identify essentially three distinct regions in the Krasnikov two-dimensional spacetime, which is summarized 
in the following manner. 


The outer region:: The outer region is given by the following set 
{x < 0}U {z > D}U{r >t}. (39) 


The two time-independent @,-functions between the square brackets in Eq. (38) vanish for x < 0 and cancel 
for x > D, ensuring k = 1 for all t except between x = 0 and x = D. When this behavior is combined with 
the effect of the factor 0.(t — x), one sees that the metric (37) is flat, i.e., k = 1, and reduces to Minkowski 
spacetime everywhere for t < 0 and at all times outside the range 0 < x < D. Future light cones are generated 
by the following vectors: ro = 0: + ôr and lo = & — ôx. 


The inner region:: The inner region is given by the following set 
{a<t-—e}n{e<a<D-es}, (40) 


so that the first two @.-functions in Eq. (38) both equal 1, while 0e(x + «— D) = 0, giving k = 6 — 1 everywhere 
within this region. This region is also flat, but the light cones are more open, being generated by the following 
vectors: ry = ô; + 0, and ly = —(1 — 6); — Oz. 


The transition region:: The transition region is a narrow curved strip in spacetime, with width ~ e. Two spatial 
boundaries exist between the inner and outer regions. The first lies between x = 0 and x = e, for t > 0. 
The second lies between x = D—e and x = D, for t > D. It is possible to view this metric as being pro- 
duced by the crew of a spaceship, departing from point A (a = 0), at t = 0, travelling along the z-axis to point 
B (a = D) at a speed, for simplicity, infinitesimally close to the speed of light, therefore arriving at B with t ~ D. 


Thus, the metric is modified by changing k from 1 to 6 — 1 along the z-axis, in between x = 0 and x = D, leaving a 
transition region of width ~ € at each end for continuity. However, as the boundary of the forward light cone of the 
spaceship at t = 0 is |x| = t, it is not possible for the crew to modify the metric at an arbitrary point x before t = x. 
This fact accounts for the factor 0-(t — x) in the metric, ensuring a transition region in time between the inner and 
outer region, with a duration of ~ £, lying along the wordline of the spaceship, x ~ t. The geometry is shown in the 
(x,t) plane in Figure 3. 


B. Superluminal travel within the Krasnikov tube 


The factored form of the metric (37), for ds? = 0, provides some interesting properties of the spacetime with 6 — 1 < 
k < 1. Note that the two branches of the forward light cone in the (t, x) plane are given by dx/dt = 1 and dx/dt = —k. 
As k becomes smaller and then negative, the slope of the left-hand branch of the light cone becomes less negative and 
then changes sign. This implies that the light cone along the negative z-axis opens out, as depicted in Figure 4). 


The inner region, with k = 6 — 1, is flat because the metric (37) may be cast into the Minkowski form, applying the 
following coordinate transformations 


dt’ = dt + (5 — 1) dz, dx’ = (5) dz, (41) 
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FIG. 3. The plot depicts the Krasnikov spacetime in the (x,t) plane, where the vertical lines A and B are the world lines of 
the stars A and B, respectively. The world line of the spaceship is approximately represented by the line segment AB. See the 
text for more details. 


Í a 


FIG. 4. Forward light cones in the 2-dimensional Krasnikov spacetime for k = 1, k = 0 and k = ô — 1. 


and one verifies that the transformation is singular at 6 = 0, i.e., k = —1. Note that the left branch of the region is 
given by dxz'/dť' = —1. 


From the above analysis, one may easily deduce the following expression 


dt 2—6)\ dz’ 

— =1 —— } —. 42 

eo ( 5 ) dt! (22) 
For an observer moving along the positive x’ and x directions, with dx'/dt' < 1, we have dt’ > 0 and consequently 
dt > 0, if 0 < 6 < 2. However, if the observer is moving sufficiently close to the left branch of the light cone, given 


by da’/dt’ = —1, Eq. (42) provides us with dt/dt’ < 0, for ô < 1. Therefore we have dt < 0, which means that the 
observer traverses backward in time, as measured by observers in the outer region, with k = 1. 
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The superluminal travel analysis is as follows. Consider a spaceship departing from star A and arriving at star B, at 
the instant t ~ D. Along this journey, the crew of the spaceship modify the metric, so that k ~ —1, for simplicity, 
along the trajectory. Now imagine that the spaceship returns to star A, travelling with a velocity arbitrarily close to 
the speed of light, i.e., dx’/dt’ ~ —1. Therefore, from Eq. (41), one obtains the following relation 

Vreturn = z x -1 = — al (43) 
and dt < 0, for dx < 0. The return trip from star B to A is done in an interval of Atretum = —D/Vreturn = D/(6 — 1). 
Note that the total interval of time, measured at A, is given by Ta = D+ Atreturn = Dô. For simplicity, consider € 
negligible, so that superluminal travel is implicit, as |Atreturn| < D, if 0 < ô < 1, i.e., we have a spatial spacetime 
interval between A and B. Now, T4 is always positive, but may attain a value arbitrarily close to zero, for an 
appropriate choice of ô. 


Note that for the case 6 < 1, it is always possible to choose an allowed value of dx’ /dt’ for which dt/dt’ = 0, meaning 
that the return trip is instantaneous as seen by observers in the external region. This follows easily from Eq. (42), 
which implies that dt/dt’ = 0 when dx’ /dt' satisfies dx’ /dt’ = —6/(2 — ô), which lies between 0 and —1 for 0 < ô < 1. 


C. The 4-dimensional generalization 


Shortly after the Krasnikov two-dimensional solution, the analysis was generalized to four dimensions by Everett and 
Roman [14], who denoted the solution as the Krasnikov tube. The latter four-dimensional modification of the metric 
begins along the path of the spaceship, which is moving along the x-axis, and occurs at the position x, at time t X a, 
which is the time of passage of the spaceship. Everett and Roman also assumed that the disturbance in the metric 
propagated radially outward from the z-axis, so that causality guarantees that at time t the region in which the metric 
has been modified cannot extend beyond p = t — x, where p = (y? + z2)" 2 The modification in the metric was also 
assumed to not extend beyond some maximum radial distance Pmax < D from the z-axis. 


Thus, the metric in the 4-dimensional spacetime, written in cylindrical coordinates, is given by [14] 
ds? = —dt® + [1 — k(t, x, p)| dx dt + k(t, x, p)dx? + dp? + p*dd’, (44) 
where the four-dimensional generalization of the Krasnikov form function is given by 
k(t, x, p) = 1 — (2 — 8)be(Pmaz — p)Oc(t — x — p)[8-(x) — 8-(«& +e — D)). (45) 


For t >> D+ pmax one has a tube of radius pmax centered on the z-axis, within which the metric has been modified. 
I is this structure that is denoted by the Krasnikov tube, and contrary to the Alcubierre spacetime metric, the metric 
of the Krasnikov tube is static, once it has been created. 


The stress-energy tensor element Ty given by 


1 
~ 327(1+ k)? 


Ti t 


4(1 + k) ðk kN? Ok 
ANEN AA —) —4(1 Z 
p p (3) UER ? AR 


can be shown to be the energy density measured by a static observer [14], and violates the WEC in a certain range 
of p, i.e., T, U#UY < 0. To this effect, consider the energy density in the middle of the tube and at a time long after 
it’s formation, i.e., x = D/2 and t >> x + p + £, respectively. In this region we have 0,(x) = 1, 6.(a + € — D) = 0 and 
6.(t — x — p) = 1. With this simplification the form function (45) reduces to 


k(t, £, p) =1—(2—6)6c(Pmaz — P) - (47) 
A useful form for 0-(€) [14] is given by 


ae ; {ann E (= _ 1) + i} , (48) 
r=1- (1-2) {tan [2 (2-1) +1}, (49) 
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FIG. 5. Graph of the energy density, Ti, as a function of p at the middle of the Krasnikov tube, x = D/2, and long after it’s 
formation, t > x + p +€. We consider the following values for the parameters: 6 = 0.1, € = 1 and pmaz = 100e = 100. See the 
text for details. 


Choosing the following values for the parameters: 6 = 0.1, € = 1 and pmax = 1002 = 100, the negative character of 
the energy density is manifest in the immediate inner vicinity of the tube wall, as shown in Figure 5. 


VI. CLOSED TIMELIKE CURVES 
A. The warp drive 


Consider a hypothetical spaceship immersed within a warp bubble, moving along a timelike curve, with an arbitrary 
value of v(t). Due to the latter, the metric of the warp drive permits superluminal travel, which raises the possibility 
of the existence of CTCs. Although the solution deduced by Alcubierre by itself does not possess CTCs, Everett 
demonstrated that these are created by a simple modification of the Alcubierre metric [14], by applying a similar 
analysis as is carried out using tachyons. 


The modified metric takes the form 
ds? = —dt? + dz? + dy? + (dz — v fdt)? , (50) 


with v(t) = dzo(t)/dt and r(t) = [(z — z0)? + (y — yo)? + 2?]!/2. As in Section II A spacetime is flat in the exterior of a 
warp bubble with radius R, which now in the modified is centered in (0, yo, zo(t)). The bubble moves with a velocity 
v, on a trajectory parallel to the z-axis. Consider, for simplicity, the form function given by Eq. (2). We shall also 
impose that yo > R, so that the form function is negligible, i.e., f(yo) ~ 0. 


Now, consider two stars, Sı and S2, at rest in the coordinate system of the metric (50), and located on the z-axis at 
t = 0 and t = D, respectively. The metric along the z-axis is Minkowskian as yo >> R. Therefore, a light beam emitted 
at Sı, at t = 0, moving along the z-axis with dz/dt = 1, arrives at S2 at t = D. Suppose that the spaceship initially 
starts off from S1, with v = 0, moving off to a distance yo along the y—axis and neglecting the time it needs to cover 
y =0 to y = yo. At yo, it is then subject to a uniform acceleration, a, along the the z—axis for 0 < z < D/2, and —a 
for D/2 < z < D. The spaceship will arrive at the spacetime event S2 with coordinates z = D and t = 2,/D/a=T. 
Once again, the time required to travel from y = yo to y = 0 is negligible. 


The separation between the two events, departure and arrival, is D? — T? = D?(1 — 4/(aD) and will be spatial if 
a > 4/D is verified. In this case, the spaceship will arrive at S2 before the light beam, if the latter’s trajectory 
is a straight line, and both departures are simultaneous from Sı. Inertial observers situated in the exterior of the 
spaceship, at S and S2, will consider the spaceship’s movement as superluminal, since the distance D is covered in an 
interval T < D. However, the spaceship’s wordline is contained within it’s light cone. The worldline of the spaceship 
is given by z = vt, while it’s future light cone is given by z = (v+1)t. The latter relation can easily be inferred from 
the null condition, ds? = 0. 


Since the quadri-vector with components (T, 0,0, D) is spatial, the temporal order of the events, departure and arrival, 
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is not well-defined. Introducing new coordinates, (t’, x’, y’, 2’), obtained by a Lorentz transformation, with a boost 8 
along the z-axis. The arrival at Sə in the (t’, 2’, y’, 2’) coordinates correspond to 


T’ =7(2\/D/a— 6D), Z' =7(D—-2\/D/a), (51) 
with y = (1— 6?)~!/?. The events, departure and arrival, will be simultaneous if a = 4/(8? D). The arrival will occur 
before the departure if T’ < 0, i.e., 

4 
BPD 


a> (52) 


The fact that the spaceship arrives at S2 with t < 0, does not by itself generate CTCs. Consider the metric (50), 
substituting z and t by Az’ = z’ — Z’ and At’ = t — T’, respectively; v(t) by —v(t); a by —a; and yo by —yo. This 
new metric describes a spacetime in which an Alcubierre bubble is created at t’ = T’, which moves along y = —yo 
and x = 0, from Sı to So with a velocity v’(t’), and subject to an acceleration a’. For observers at rest relatively to 
the coordinates (t’, x’, y’, z’), situated in the exterior of the second bubble, it is identical to the bubble defined by the 
metric (50), as it is seen by inertial observers at rest at Sı and S2. The only differences reside in a change of the origin, 
direction of movement and possibly of the value of acceleration. The stars, Sı and S2, are st rest in the coordinate 
system of the metric (50), and in movement along the negative direction of the z-axis with velocity 8, relatively to 
the coordinates (t’, x’, y’, 2’). The two coordinate systems are equivalent due to the Lorentz invariance, so if the first 
is physically realizable, then so is the second. In the new metric, by analogy with Eq. (50), we have dr = dt’, i.e., 
the proper time of the observer, on board of the spaceship, travelling in the centre of the second bubble, is equal to 
the time coordinate, t’. The spaceship will arrive at S41 in the temporal and spatial intervals given by At’ > 0 and 
Az’ < 0, respectively. As in the analysis of the first bubble, the separation between the departure, at S2, and the 
arrival S1, will be spatial if the analogous relationship of Eq. (52) is verified. Therefore, the temporal order between 
arrival and departure is also not well-defined. As will be verified below, when z and z’ decrease and t’ increases, t 
will decrease and a spaceship will arrive at S4 at t < T. In fact, one may prove that it may arrive at t < 0. 


Since the objective is to verify the appearance of CTCs, in principle, one may proceed with some approximations. 
For simplicity, consider that a and a’, and consequently v and v’ are enormous, so that T « D and At!) < —Az’. In 
this limit, we obtain the approximation T ~% 0, i.e., the journey of the first bubble from Sı to S2 is approximately 
instantaneous. Consequently, taking into account the Lorentz transformation, we have Z’ ~ yD and T’ ~ —7GD. 
To determine Tı, which corresponds to the second bubble at S1, consider the following considerations: since the 
acceleration is enormous, we have At’ ~ 0 and At = Ti —T ~ T), therefore Az = —D = yAz’ and At = 7GAz’, from 
which one concludes that 


Tı x -6D <0. (53) 


B. The Krasnikov tube 


As mentioned above, for superluminal speeds the warp drive metric has a horizon so that an observer in the center of 
the bubble is causally separated from the front edge of the bubble. Therefore he/she cannot control the Alcubierre 
bubble on demand. In order to address this problem, Krasnikov proposed a two-dimensional metric [13], which was 
later extended to a four-dimensional model [14], as outlined in Section V. A two-dimensional Krasnikov tube does not 
generate CTCs. But the situation is quite different in the 4-dimensional generalization. Using two such tubes it is a 
simple matter, in principle, to generate CTCs [30]. The analysis is similar to that of the warp drive, so that it will be 
treated in summary. 


Imagine a spaceship travelling along the z-axis, departing from a star, S1, at t = 0, and arriving at a distant star, 
S2, at t = D. An observer on board of the spaceship constructs a Krasnikov tube along the trajectory. It is possible 
for the observer to return to S1, travelling along a parallel line to the z-axis, situated at a distance pọ, so that 
D > po > 2Pmaz, in the exterior of the first tube. On the return trip, the observer constructs a second tube, 
analogous to the first, but in the opposite direction, i.e., the metric of the second tube is obtained substituting z and 
t, for X = D — z and T = t — D, respectively in eq. (44). The fundamental point to note is that in three spatial 
dimensions it is possible to construct a system of two non-overlapping tube separated by a distance po. 


After the construction of the system, an observer may initiate a journey, departing from S1, at x = 0 and t = 2D. 
One is only interested in the appearance of CTCs in principle, therefore the following simplifications are imposed: 6 
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and € are infinitesimal, and the time to travel between the tubes is negligible. For simplicity, consider the velocity of 
propagation close to that of light speed. Using the second tube, arriving at Sj at x = D and t = D, then travelling 
through the first tube, the observer arrives at Sı at t = 0. The spaceship has completed a CTC, arriving at Sı before 
it’s departure. 


VII. SUMMARY AND CONCLUSION 


In this chapter, we have seen how warp drive spacetimes can be used as gedanken-experiments to probe the foundations 
of general relativity. Though they are useful toy models for theoretical investigations, we emphasize that as potential 
technology they are greatly lacking. We have verified that exact solutions of the warp drive spacetimes necessarily 
violate the classical energy conditions, and continue to do so for arbitrarily low warp bubble velocity. Thus, the energy 
condition violations in this class of spacetimes is generic to the form of the geometry under consideration and is not 
simply a side-effect of the superluminal properties. Furthermore, by taking into account the notion of the “volume 
integral quantifier”, we have also verified that the “total amount” of energy condition violating matter in the warp 
bubble is negative. 


Using linearized theory, a more realistic model of the warp drive spacetime was constructed where the warp bubble 
interacts with a finite mass spaceship. The energy conditions were determined to first and second order of the warp 
bubble velocity, which safely ignores the causality problems associated with “superluminal” motion. A fascinating 
feature of these solutions resides in the fact that such a spacetime appear to be examples of a “reactionless” drives, 
where the warp bubble moves by interacting with the geometry of spacetime instead of expending reaction mass, and 
the spaceship is simply carried along with it. Note that in linearized theory the spaceship can be treated as a finite 
mass object placed within the warp bubble. It was verified that in this case, the “total amount” of energy condition 
violating matter, the “net” negative energy of the warp field, must be an appreciable fraction of the positive mass 
of the spaceship carried along by the warp bubble. This places an extremely stringent condition on the warp drive 
spacetime, in that the bubble velocity should be absurdly low. Finally, we point out that any attempt at building up 
a “strong-field” warp drive starting from an approximately Minkowski spacetime will inevitably have to pass through 
a weak-field regime. Since the weak-field warp drives are already so tightly constrained, the analysis of the linearized 
warp drive implies additional difficulties for developing a “strong field” warp drive. 


Furthermore, we have shown that shortly after the discovery of the Alcubierre warp drive solution it was found that 
an observer on a spaceship cannot create nor control on demand a superluminal Alcubierre bubble, due to a feature 
that is reminiscent of an event horizon. Thus, the bubble cannot be created, nor controlled, by any action of the 
spaceship crew. We emphasize that this does not mean that Alcubierre bubbles could not be theoretically used as 
a means of superluminal travel, but that the actions required to change the metric and create the bubble must be 
taken beforehand by an observer whose forward light cone contains the entire trajectory of the bubble. To contour 
this difficulty, Krasnikov introduced a two-dimensional metric in which the time for a round trip, as measured by 
clocks at the starting point (e.g. Earth), can be made arbitrarily short. This metric was generalized the analysis to 
four dimensions, denoting the solution as the Krasnikov tube. It was also shown that this solution violates the energy 
conditions is specific regions of spacetime. Finally, it was shown that these spacetimes induce closed timelike curves. 
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